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1 We propo1e to specialize the CCK d~ality theory, Which &IIOciate• 

.. dual problema llinlaization of an arb1 trary convex f\metion over 

~ arbitrary convex set 1n n-space with maxioizaticn of a linear 

fUnction in non-negative vari3bles of a generali ~ed finite seq~ence 

sp.ce lubJect to a finite systco of linear eGuations , t o derive 

lulm-'1\aeker 'ftleorem2 extensions i n situations lnv lv1J18 (p r tial) 

41tterent1abill ty of objecti·:e an1 c~nstnunt f\l.n tions. There are 

aeveral ~~ to procure such gener~izations as , for example, by 

.. an8 ot non-differentiable Pnalogs of qu&ai-aaddle point condition• 

or in te~ of a saddle point criterion itself. Since ve are intere1ted 

bere 1n uplorinc extenliona which involve 1ome differentiability 

eoDdit1ou, ve ahall proceed via the former course especially since 

tbeae e0Ddit1ona tbe.aelvea are analoc• of flr1t order condition• of 

tbe a~ JM)1Dt c:ri terlon~ 
For our purpose• tben, let t(u), lnd G(u) • (11(u), ~(u), • • • ,&a(u)) 

be defined over an opeD convex set IC in R • We ahall aq that 

t(u) 11 1t.ple piec:ewiae differentiably c:on~ex it f(u) • ... (r(J)(~)). 
j•l,2, ••• ,N 

Where r(J)(u) 11 c:ontlauoualy differentiable and convex over IC. We 

ab&ll u~ that G(u) 11 c:ontin\IO~Ily differentiable and concave, 

but tbe atea1on to 1t.ple plecevtae concave t\mct1on1 will bec0111 

qparent dunnc the C:O\&rae ot proof tor tunet1on1 ot thil claaa. 

1 See Cbu'D .. ·Cooper-IDrtanelt [ 4) and [ 5). 
2 he IU!m-'f\lcker [ /) ud Arrov-Hurvicz-Uzava [ l). 
3 See Arrow-11\lrvicz-Uaawa, ibid., where the authors 1bov that in the 

eaae ot 41tterentiabil1ty the q~aai-aaddle point condition t.plle• 
tbe 11144le point condi t1on. 
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'ftleorem (Generlll1zed Quad -Saddle Point Th@Orem for Sillpl~ 
Piecewiae Diffe·rcn t iably Convex functions) 

Let r{u) and C(u) have u~ e properti es defined above ~d conaider 

the atntmi~ation problea 

min f{u) 
sub j ~ ~ t t~ G(u ) ~ o. 

A.esume the constra.int s •t C .. (u I G( u) ~ 0 ) has an interior po1nt. 1 'lt.en 

ue tn c ia an opt1aal :olut1on to the t:.inimization problem if end 

only it there exiatl pcai t1 ve vectors 

{l) (2) (N) ( · ) (m) 
T't* • ('l. ,Tl. , ••• ,'1. ) and )..• • ()... ·· , ••• ,)... ) web that 

the follrywir~ propertlea hold: 

(2) t "~.1) 
J• J 

• 1 aDd (3) G(u•)T )..• • o, and G(u•) I o2, vh~re 
J = (J/t(J)(u*) - t( u•)} 

Pre~!!' L a• on Canonical Clcaure for Differential 8y!t ... 
ly illti'OCSuctng wpport ayateu tor both obJective and coutralnt 

t\mct1on.a, w obtain the folloVl• equivalent aea1-1nt'1Dite probl• (I) 

wtth semi-intinl te dual (II), vhicb, tor the .oment, we write in aueral 

tora. 
(I) 

~ - uTQ I d , a c A 
Cl Q 

u~1 I c
1

, 1 c I 

(n) 
max t d 'l + t c1)..1 (W c:wo 1 

t " a Q 

- t Q ~ + t pi),i 
Q CICI t 

• 1 

• 0 

I O. 

l.rtua type ot conatraint qualification haa atronc intuitive IPP8al e~pecial.q 
1D tbe ease ot non-dltterentiability. 

However, it 11 knovn that non-ditterentlable .naloc• to 
Ule moat seneral eona~r&1Dt qualification for which dlttereDtlable 
Lecranatan techniques are valid (see [6]) involve support IJit_. Vhieb 
are tbeuelvel Farku-Minkovaki ayateu. (See [a.] end [5]). 

2wotat1one.lly speuing, otlu• is the gradient of f evaluate4 at u•. We uae 
.upe racripta t o correapond to tunctlo~s and aubscrtpta to eorrea~Q4 to 
elacta 1D the lD4a tet. Thus, or&J ) denotes the sr..Uent ot t\J) evalu
ated at tbe point Q f A· For convenience, "a € A" .._ be 14ent1t1ecl V1th 
"Ua£A" , Vhen A !. Rn. 
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Recall that a aystem of linear inequU.i ties ia cuaonic,.+ly closed 

lt it baa interior point• and the coefficient set is ca.pact.1 

Ve need the tolloVil'\8 leaaa. 

~ la Suppose that the system 1s canonic!Ul.y closed and that u. 

aolve• (I), t.e., the minimum =• • f(u.) is attained. Tben in the 

dual expre••ton, (II), tor z., the only ~up~rts Which arise are those 

pu•tnc tbro\acb the point (z., u.), i.e., the only support planes With 

'-: ~ 0 aDd ),.! ~ 0 are tt.osc for which z. • u!Q
0 

+ 
0 

and u!P i • c:1• 

Proot: By tbe extended dual theorem, there exist '1, ),. £uch that 

z. • t d 'I • + t ci),.•1• 
a a a 

then 

Pirat, &• - U.~ a d , tor all a. Hence 
a a 

E d ~· a t z.~ - t (u~ ) ~· • z. - t (u!Q ) ~. 
Cl aa a Cl a s a a o a 

DMntore, 

(A) 

1 
See [') aDd [5]. !tote that c:anoulc:al clo1ure 1s a wtf'1c:1ent condition 
but not nece••&J'l tor the valldi ty ot the extended dual tbeorea u 
poillted out ln [ ~]. 



011 the other haPd, by c!u&l =.-easibili ty, 

T T ) u. [- t Qa~ + t pi~tl • u. (0 • o. 
a 1 

However, since u!P 1 i& c 1 for a.ll 1, vc can rewr1 te this as fol..lov1: 

T T T 
0 • t -u.~,; + t u*P1c1 ~ - r u*Q ~· + r c 1 ~!· a 1 a a a 1 

(B) 

Tberefore combining (A) and (B) ve have, 

two concluelonl follow: 

(c1) Et. • t [u;'b + C\zl '\;• where t '\; • 1, 'l I o, and 
Cl Cl 

z• I v!'b + des. Hellec z. • u~ + d0 tor we17 Cl v1 tb ~ > o. 

(c2) t u;P1).f • t c1).f •> t (u!Jt1 - e1 )).f • 0 
1 1 1 

HeDCe ).f > 0 ~liea u.!f1 • c1• 

Proot ot ~ .... 

W1 tb re.,.ct to tbe ldn1ahat1on probl• ot tbe 'Dieor•, 

the partlcul&r •fllll-1nt1n1 te e-Quivalent 

a1n& ~I) 

condder 

, j • 1,2, ••• ,R 
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tor all a € A, where A i s so~e index set in ~ (e.g. the convex 
n 

coaatra1Dt aet C). Since C has interior points, 1t folloVB that. 

tbia linear 1Dequality system also does. Form a canonical no~ization1 , 
(!•!•• divide each inequality by a positive constant to make the sum 

ot the abaolute value• ot the coefficients sum to l), to obtain an 

equlvalct ~&tell with bounded coefficients and interiority. 

(I) 
lllinz 

aubJect to 

Vbere J • l,a, ••• ,m, and a £ &. 
Rov tom a cuonical closure by poaaibly enlargina the index 1et 

to i a A ..S M,JoiniDI the correapondinc l.1m1 tina inequaU tiel vbicb 
are ot the tom; ~(j~ - uTQ(j) a d(j) a a a 

T p(i) a i 
u a ca tor a I A - A• 

Let (i) denote tb1a nev cuantcally cloaed eq\llv&lent (vb1ch dlttera 
.... 

tr<a (I) by ooly theae poaatbly a4Jo1ne4 1Dequal1 t1ea and alao baa 

interior potnta) . 

llov it u* 11 optmal tor (I) it 11 &lao optia'U tor tbe 

canan1eally cloaed eq\ll valent (I) and 1- 1 appUea. Bovever, aey 

ot the poutbl7 newly adjoined 1nequ&lit1ea which arl! a r.-t.1vdy hw!"lved 

1o the chlal &re poatt1ve INltiplea ot d1t'fereot1al cyperplaoea already 

1n the 8)'&t.ell, for suppose one ot thea baa a A. ( j) > 0, ~, 
~(~)z. - uT'(~)a d(~) vitb a c A - A. '!hen by 1- 1, the aupport 

plaDe lJ(~)'& ~ uTQ(~) • 4(~) coataina the point (ll*, t(utt)) i.e., 

1 See (5), p u .. 
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~(~)t(u•) • ~(~)z• ~ u•TQ(~) + d(~~ or equivalently, the plane 

~(J)z • uTQ(J) + d(J) 1s tansent to t he surface z • t(J)(u) at 
a a a 

~he point u•. Since t(J)(u) ie continuously dittereotiable, and 

si nce ~(J) z ~ uT ( j ) + d(J) over C this tangent plane ie uinque a ·a a 1 

up to a conatan~ positive multiple, and therefore ve 4o not need to 

adJoin these additional 1nequalttiee. A atmilar arsu-ent obviously 

bold& tor the conetra1nt tunctione. 

We oov preaent the ••i-tnttoite dual (fi) aD4 4ar1ve the 

coodittona ot the theorem. 

aubject to 

t ~(J)i<J> 
J a a 

~~ r il o. 

• l 

Jb' the 4ual tbeora there exiete a 4ual optt.&l aolut1oo (~ 1 t•). 
B:y 1- l ~ hae ooo-zero coord1oatea correapoad1• cmlr to aupport 

pluea paeeina throup the opt tau. ( u•, z*) 1 1. •. , tboM p!41eot 

taaceot pl&Dea at thie point 1 one tor eac1a t\mcttOD ,tn. 'Dlta &lao 

appllea t" t• u4 cODatraiDt t\mctiooa 1 ( 
1
), ua4 tbenfon ve -.y vr1 te 



-·r -

- <-:-<1> - ( N) ~· ( l ) r<=) rf • "- , . . . , '1. ) az.d A.• "' ( ' * 1 • • • , • ) • 'lbus, upon 

aetting ~j} = ~~j)~j) ror j "' 1, . . . N anc! \~i ) • v~ i) ~i ) 

! 1' 1 • l , . . . , 11 1 ve obt&l n the f CJW 1o g duul pt1.mal c cndi U on ' : 

(1) - r ar(J 
• 

/ J) .. .. I: \ (1 ) ).(1 
{ ~ . :. 

j 1 

o.nd {2 ) I: ~J) = 1. 
j 

Tbe equality or d~ functiooale yields, 

!(u•) • &• • E t(J)(u•) ~J) - t u•'"'c,riJ ) ~J) + t ueT ~i) )Ji) 
J .1 1 

• L ( -g ( l )(u•) A.ii) , 
1 

Si nce r(J)(u* ) 'f(u*) t or all J and g(i)(u•) ~ 0 for all i , it 

therefore follows that , ( 3) Eg(i)( u•) ~ii) • 0. Purtbe~ore, since 

r (u• ) • max (f(J) (u•) JJ i t fol lovs ~1at ~J). 0 whenever 

f ( j) (u•) < f(u* ) , giving cond1t1 a (2). Thuo, the three conditione 

of the theorem are proved . 

On the other hand, given positive vectors ~ and ~· aatt•t,ytng 

coadltioos (1 ), (2L and (3) v1tb respect to ult, then •ince Jlij) ~ 0 

aod ~~ J ) ~ 0 in tne canon1c&lly closed ~•tea (l), ve obtain dual 

f easible sol utions upon Httlng ~J ) a ~J )/;.&ij) aDd t.i)•~ii )/v; • 

..rurthenDOre, ~be dual objective value 1a t f ( j)(u•) ~J), and condition 

(2) tmplies that f{u•) • t r(j)tu* ) ~J) giving dual equality of 

objective functions, ~hereby prov1r~ that (t(u•), u*) 1a optimal. 



Our seneral1zat1on cf the quasi-saddle point version of the Kuhn

'1\lc!ter Tbeorem is not as se:-1eral as • .. ·e may possibly Ret, but 1 t dot-s 

1ncUca'te a uni fied approa.cb to atu~v these f!qui vP.lencea under mo·c-e 

senera.l circumstances. In fact, ve are alrea~ obtain1n& results tor 

ceneral1zed saddle-point equivalence theorems for arbitrary convex 

t\mct1ona over R • 'Ibis is t 1e :mbject of e.nother paper and vill be 
n 

reported on elsevhere. 

Already the::e r:ethods have rho•.ro that the crucial property of 

the conetraint fWlct1 ons 15 the Fv!:.a ~ -M1n1to\ls~~ property, which is 

a property of the functions themoelve 5 er.prcs s~d in terms of finite 

poll t1 ve linear combinat1ono of their ''srnd.1ent6. " Geometric 

qualifications are sufficient restrictions on the constra~ning 

t\mct1ons to permit such Far~a-Minl~ovs !:i expressions. In gener&l., 

however, it may ~e neceeG&ry to so beyond the natural gradient 

inequalities provided by the constraint functions to cttain strong 

clu&li ty re 8\ll t s. 

lD conclusion, ve illustrate this nov by constructing a canonic&lly 

closed equivalent for tbe ooe-variable Slater eaample by adJoining a 

r JV variable to the gra41ent inequal.1 ty ayet• follovins the aethoda 

ot 0\&1' rqular1zat1on procedure• tor nal·int1D1te prqp-. !/ 

Reetat1111 the Slater eu.ple, ve bave: 

(I) 

aln x 

subject to -(l-x)2 ~ 0 v1 tb unique opt1JnUT.l 

x. • l. Introducing a 41tterent1&1. ayetea of wpporte to contain th~ 

optUNIII, ve obtain the equ1v.Uent problem: 

(I) 

aiD X 

a\lbJect to 2(1-a) x ~ l~ tor 0 Sa S 2. 

!JSIH S&lter (7], (4] p 216, •4 [5], p 119 
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Let N &D4 V be larae positive numbera, eitber real or non

AI'cblllede&D, !·!· larser than any real number!{ aDd conatruct the 

tollovtDI aemi-1nt1n1te dual regularizatlona. 

a1D Mt + X 

aubject to 

subject to 

t + 2(1-a) X ~ l-vr2 1 

x > -v -
-x > -V -

(Ita) 

E (1~) ~ - v~· - ~a a 
E ~ 
a a 

t 2(1-a) 
a 

~ + ~· - ~a 

~·· ~ o. 

o <a< 2 

• M 

• l 

Ob•~e that probl• ( 1a) 11 cMcmlc&l~ cloHd and that 

t ~ 0 11 included 1n tbe lnequal.it)' I)'IU. ud correapcmdl to tbe 

1nc1ez point a • l. AI atated above, N Mf be Yievecl a1 real or 

non-AI'cb1M4eao, aDCl therefore ve Mall ._rlw d-.-1 optlll&l 

eolutlODI tor (X.) ud (~) in a -.mer vblcb 11 val14 tor either 

caee. 

We kDov tbat (t,z) • (0,1) 11 (JR)-teaaible v1tb fun ct i ona l 

Yal.ue 1. 2hua, ve MU'Cb tor a aolution (t., x.) v1th objeettve 

Yal.ue < 1, lt lt ex1n1, and therefore ve aaau.e x. < 1. B.Y laaa l, 

tbl1 optmua lnvolvel ~ aupport plaoe1 vblcb are ttmpat to tt ar.d 

tberetore lnvolvea oal7 ita ~ cndi•.nt inequality vtth index potn• 

a. • x.. aat thll lllpllea t •• (l-a.)2 yielding (t;. )-obJeet1ve val•le 

ll(l-a_)2 + a1 • App~ the u•ual dltrerenti&l aetbocll tor tiocUng a 

aiDS.. to tbll f\mctlOD Ttel48 the -lor expualon, 

Y,.. (3) pp 756-T 
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u equation which ta obv1ousJ.¥ valid for arbitrary M. 'Dlia tells 

2M - l ltM • 1 ua to take a. • 2M to obtain m1n1aum obJective value I;M < l. 

1 2M • l Purtberaore, the point (t., x.) • (J;Ml, 2,4 ) 1a (~)-tea81ble 

because t ~ ~ -(a - 2
M2; 

1
)2 = l - a2 - 2 (l-4)x. tor 0 Sa S 2 , 

vblch 1a a restate~~ent ot (~)-teaa1'b1l1ty. Jut tak!DC 

the dual variable aaaoclated vltb the b1n41nc conatralDt, and 

A.
0 

• 0 tor a ~a. and A.+ • A.- • o, y1el4a a 4u&l. (I~)-eolut1on 

v1 th equ&ll ty ot 4u&l. <*Ject1 ve t\mctloaa, u4 therefore above tbat 

1D t.et the tvo aol\ltloae tom 4u&l. optlMl 101\ltiGDI tor pro'bl_. 

(,.) -(O.) vbetber IC 1a v1ew4 aa nal or DOD·AI'claS.CS.u. 

Ob1erve tbat the clual 101\ltloa, A.•, 11 u exu- point ot the 

aaaociate4 aeneral1&e4 finite aequence apace !/ .-4 aa ~cb tbe DOD

Mro coor41nate ia l1DMI' u4 b~ lD ~ 1D puot1cular, 

A.0 • M. '1'llo cour•• ot aetton vlth re.,.ct to M _.. DOV opeD to 
• u1. !!!:!!• lt M 11 n&l, ve M¥ let M ~ • 10 tbat (t., x.) ~ (0,1), 

tile aol\lt1on to the Slater probl•, vttb c:ornapaD41q clu&l V&l'lable 

cbu'actei'1M4 'b7 A.0 ~ •· SecOD4, v1ev1Dc M &I nOD•AI"ch1me4e&D, 
• w obtain dial opts..&l 101\ltiODa 1n 11l'bert '1 tlel4 vttb c~n 

obJect1we value l - 1/,._ vblch 1n tbe extecle4 01'611'1111 h larpr 

tbaD _, real n~l' leae tbu 1, b\lt ltaelt 11 leas t.bu 1. 

}/ ... l'l p 211 

Jl 8M (2), 11ben tbla ft&~t vu ftrlt ji0ta4 tor ftD1te 
U.DDU' PI'CIF hll Oftl' DOD•ArchS..tliaD Ol'tan4 fte14a. 
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